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Abstract-The electronic structures of pyrrole and pyrrole anion have been investigated using the Pople- 

Segal Complete Neglect of Differential overlap self consistent field MO theory, including all valence 
electrons. Far pyrrole the charge distribution and energy levels have been compared with those obtained 

from the ab initio calculations of Clementi ef 01. The latter calculation appears30 give an excessive amount 

of charge migration from the H atoms, and the charge distribution obtained by the semi empirical SCF 

calculation is probably more realistic. In general there is reasonable agreement between the orbital 
energies calculated by the two methods. energy level differences being particularly well produced. For 

pyrrole anion comparison of charge distribution, with that obtained using Extended Hiickel Theory 

indicates that the latter is likely to be seriously in error when used in calculations on polar molecules. 

INTRODUCTION 

ALTHOUGH the pi electronic structure of pyrrole (Fig. 1) has been extensively dis- 
cussed in terms of simple Htickel theory’-“ and the more sophisticated Pariser-Parr- 
Pople self consistent field MO method, 5-9 there have been few attempts to study the 
sigma electrotiic structure of this molecule. 

FIG. 1 Numbering and co-ordinate system for pyrrole. 

The polarized sigma core will obviously affect the pi electron distribution and 
vice-versa and hence the calculations which have been carried out on the pi electronic 
structure of pyrrole neglecting this factor must be treated with caution. A further 
criticism which may be levelled at previous MO treatments of pyrrole is the neglect 
of non nearest neighbour p’s, which for a small ring compound such as pyrrole is 
quite a serious approximation. lo In the light of this discussion a self consistent field 
MO calculation, including all valence electrons, on pyrrole is clearly worthwhile. 
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In a recent series of papers Pople et al. ’ l-l3 have formulated a new approximate 
method fo; calculating self consistent molecular orbitals, including all valence 
electrons. The so called Complete Neglect of Differential overlap Method IIt The 
theory has been applied to numerous small molecules with spectacular success in 
calculating dipole moments, charge distributions and energy I21 ’ 3 differences. It is of 
considerable interest therefore to apply this theory to a larger molecule such as 
pyrrole to calculate both sigma and pi electron distributions and total dipole 
moments. A related molecule also of interest is the pyrrole anion, formed from 
pyrrole by removal of a proton from the N atom. 

Since this work was initiated two papers have appeared on the electronic structure 
of pyrrole”’ l5 and pyrrole’ ’ anion, including all valence electrons, which have 
changed the emphasis of this work. The timely appearance of the a6 initio calcula- 
tions on pyrrole by Clementi et aZ.,14 is most welcome since it provides a yardstick 
for. comparison with semi empirical calculations of the type presented here. The 
extended Htickel calculations of Adam et al.” are also of interest, particularly for 
the charged pyrrole anion, since they represent a stage lower in order of sophistication 
than the calculations presented here and pose some interesting questions. *For 
example, the sigma and pi charge distributions are predicted to be essentially the 
same in pyrrole and pyrrole anion, a result which would seem to be highly unlikely. 
The emphasis throughout this paper will hence be on comparing and contrasting 
the results obtained here with those obtained by the more sophisticated but ab 
initio calculations of Clementi and the extended Htickel calculations of Adam et al. 

Method of calculation 
The calculations have been carried out using the Pople-Segal Complete-Neglect of 

Differential overlap Method II. l3 The theory has been applied to numerous small 
molecules with a good deal of success and it is therefore of considerable interest to 
apply this method to larger molecules such as pyrrole (25 orbitals). The elements of 
the F matrix are given by Eqs 1 and 2 (notation Ref. 13). 

F,, = up, + (P*A - P,$YAA + C (PBB - GYAB 
B#A 

where U,,,, = -I, - (2, - 1) YAA 

F pv = fi - &YAB 72) 

Eq. (1) neglects the penetration terms, the equations are formally similar to those 
used in the highly successful Pariser-Parr16-Pople’7 SCF theory of pi electronic 
structure of molecules. 

As in the latter theory, the main problem is the estimation of the core and re- 
pulsion integrals and the b’s which occur in the off diagonal elements of the F matrix. 
Pople et al. have estimated the one centre core integrals from the average of valence 
state ionization potential and electron affinities, I3 however valence state ionization 
potentials are in general more accurately known than electron affinities, so we have 
approximated the core integrals as the average of valence state ionization potentials 
in the manner described by Sichel and Whiiehead.” 

In their original paper Pople and Segal” assigned to YAA the analytic value of the 
electrostatic repulsion energy of two electrons in a Slater S orbital. This does not 
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allow for correlation energy, and hence we prefer to use the method due to Pariser,lg 
which has been applied so successfully in the PPP SCF method, of evaluating the 
yAA from Eq. (3). 

(3) 

where I,,, is the valence state ionization potential of atom A 

A** is the valence state electron affinity of atom A. 

Whitehead’* has investigated this method in detail and the parameters used here 
are taken from his paper. 

The two centre repulsion integrals yAB were calculated from the corresponding 
one centre repulsion integrals using the refined Mataga procedure*’ Eq. (4). 

14.397 
YAB = 

(2 x 14,397) 

(ads* + r,,*)’ where uAB = ye* + YBB 
(4) 

The first term in the off diagonal elements of the F matrix (/I’s) were made pro- 
portional to overlap integrals in the original Pop!e papers,‘** I3 in order to maintain 
the invariance to the transformation of atomic orbital basis functions. The required 
overlap integrals were calculated using Slater orbitals and orbital exponents cal- 
culated using Slaier’s rules,*’ except for the hydrogen Is orbital (Z effective taken 
as l-2). However Burns** has recently shown that Slater orbitals defined using 
Slater’s rules, are not good approxim@tjons to SCF orbitals at distances from the 
nuclei appropriate for bonding and has devised a modified set of Slater’s rules. The 
orbitals defined in this manner yield overlap integrals which approximate those 
calculated using SCF orbitals, in particular -the slow tailing off of the latter is 
reproduced. In general overlaps calculated in this manner are larger than those 
obtained using Slater’s rules. In crude pictorial terms /I,,” represents the energy of 
the overlap density S,, in the average field of the two cores pand v. The direct pro- 
portionality of fl to overlap integral is therefore quite a drastic approximation. We 
prefer instead to use another empirical relationship Eq. (3) due to Mulliken, Wolfsberg 
and Helmholtz.23 

B W 
= K (L + Lv) s 

2 IJV 

Where I,, and I, are appropriate valence state ionization potentials of atoms p 
and v, K is a constant and S,, is the overlaj, integral between atoms p and v. Two 
centre core integrals calculated from (3) with K = 1 are close in magnitude on the 
average to those obtained using Pople’s recipe and weight the p’s involving S orbitals 
on carbon and nitrogen. The integrals involving only P orbitals are essentially the 
same as those found necessary by Clark and Ragle24 to give a good account of the 
pi electronic structure of benzene in the Pople-Segal framewdrk. The use of Eq. (3) 
is,open to criticism from the purists on the grounds that it is not invariant to a 
transformation of atomic orbital basis functions. 1 ’ However, preliminary calculations 
showed that this effect is negligible compared with the .total energy calculated for 
the molecule, and the latter should be reliable to the second place of decimals. This 
is in line with calculations carried out using extended Hiickel theory.*$v 26 



4692 D. T. CLARK 

Table 1 lists the parameters employed in these calculations. Bond lengths and 
bond angles were taken from Ref. 27 for pyrrole. For the pyrrole.anion, the geometry 
was assumed to that of pyrrole with the appropriate H atom removed. 

TABLEI. ONECEhTRElNTEGRALS 

Orbital Atom 2 effective -I,, - U,, Yrr 

Is H 1.2 13-60 13.60 12-85 
2s c 3.150 20-07 50.69 IQ207 
2P C 2.800 10.910 41.53 
2s N 3,750 25.89 70-09 lIiI5 
2~ N 3.300 13.65 57.85 

The calculations were carried out on the University of Newcastle’s KDF9 com- 
puter using a program kindly supplied by Drs. P. G. Perkins and D. H. Wall. 
Limitations of storage capacity (16K) dictated that the initial H matrices should be 
calculated previously and used as input data, together with atomic co-ordinates 
gammas and core charges. 25 iterations were sufficient to obtain density matrix 
elements self consistent to seven decimal places. Overlap integrals were calculated 
from a compilation of master formulae kindly supplied by Dr. P. G. Perkins. 

RESULTS AND DISCUSSION 

A. Charge distribution arid dipole moment of pyrrole 
Tables 2 and 3 show the distribution of charge between the atomic orbitals of 

TAMI: ?.THE DISTRIRUTIO\ UC CHARGE BETWEEN THE ATOMIC‘ ORRIIALS 

IN PYKKOLE (THE Z AXIS IS 1 TO THE MOLECULAR PLANE, THE CO- 

ORDINATE AXES Ih' REF. 14'HAVE BEEN TRANSFORMED TO CORRESPOND 

WITH THE DEFlNlTION USEDIN FIG. 1) 

Atom and orbital This work Ref. 14 

H,(h) 1s 0.9832 0.7962 

H#,) 1s 09726 0.8084 
H5 @8449 06610 

c,m 2s 
2Px 
2P, 

2P* 

l-0059 10469 
O-8624 l-0217 
O-9694 0.9624 

l-0869 1.0752 

G(C,) 2s IGO 14560 
2P, 09943 1,031o 
2% 09987 l-0741 
2P* 10854 l-0953 

N 2s 1 e2032 1.3y9 
2P, 1.2416 1.1440 
2PY 1.1181 1.2364 
2Pz 1.6553 1.6589 
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.pyrrole and the total cr and x charge distributions. For comparison the results 
obtained by Clementi14 and Adam’ 5 are included. 

TABLE 3. TO~ALSIGMA.PI,ELE~-~RON AND CHAR~E(~)DISI-RIBUTION IN PYRROLE 

Atom Electron population 6 (charge) 

This work .Ref. 14 

O-9832 0.7%2 

0.9726 0.8084 

O-8449 06610 

2-8377 3-0302 

1 a0848 I.0752 

3.0026 3.1602 

1.0854 I.0953 

3.5629 3.7448 

16553 16589 

Ref. 15 

- 

- 

2.8200 

I*0800 

3G300 

1~1300 

This work 

+O-Q!677 

+ 0.02738 

+@15513 

+@1623 

- 00848 

- 0.0026 

-0.0854 
- 0.5629 

+O+l47 

Ref. 14 

co2038 

+@I916 

+ 0.3390 

- 0.0302 

-0-0752 

-0.1602 

-00953 

- 0.7448 

+0.44!1 

Ref. I5 

- 

+01800 

- OQ800 

-0-0300 

-0.1130 

- 

The most striking feature of Tables 2 and 3 is the large amount of charge migration 
from the H atoms given by Clementi’s calculation. To put these charge migrations 
in proper perspective we may draw a comparison with the charge migration from 
hydrogen in a highly polar molecule such as HF as computed by Ransi1.28 In this 
case the charge on hydrogen was calculated te be +0*1024. The charge migrations 
from hydrogen in Clementi’s calculation are therefore almost certainly exaggerated, 
and those calculated by the Pople-Segal method are probably a much better 
estimate of the charge distribution as far as the hydrogens are concerned. The 
Pople-Segal calculation predicts that C1 and Cq are sigma electron donors whilst 
C, and C, are almost neutral. Approximately the same result is predicted by the 
extended Hiickel calculation. All four C atoms are predicted to be sigma electron 
acceptors in Clementi’s calculation and for the C atoms adjacent to nitrogen this 
would seem to be an unrealistic result. The order of magnitude of the 71 electron 
distributions are remarkably similar for all three methods of calculation. A point of 
interest here is that the Pople-Segal calculation gives essentially the same pi electron 
density for C,(C,) and C,(C,) whereas the other calculations give a much higher 
electron density at C,(C,) than at C,(C,). PPP SCF’-’ and refined o technique 
calculations2g on-the pi electtonic structure of pyrrole reverses the latter order, the 
calculation reported here is midway between the two extremes. 

The overall charge distribution in a molecule is reflected in some measure by the 
total dipole moment. The two major contributions to the dipole moment of pyrrolc 
are from : 
(a) The net atomic charge densities 
(b) The atomic (sp) polarizations resulting from mixing of s and p orbitals on each 

atom. 
This represents a rather crude approximation to the molecular dipole moment, 
nonetheless Pople has shown that the method gives useful results. As there are no 
lone pairs of electrons in pyrrole the atomic polarization term is expected to be 
small. For example the value calculated for this term in this work is 0.43 Debyes: 

Cl3 
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A positive dipole moment contribution is defined in the sense 

The experimental dipole moment of pyrrole is 1.80 Debye,” so it is clear that the 
major contribution to the molecular dipole moment must arise from term (a) defined 
above. The calculaied contributions from the latter term calculated from Clementi’s 
charge distribution and that reported here are O-25 Debye and 1=08 Debye respectively. 
The small contribution calculated using Clementi’s charge distribution arises from 
the charge migration from the hydrogens and this would tend to confirm that the 
calculation overemphasizes this migration. The total calculated dipole moment in 
this work is 153 Debye which is in good agreement with the experimentally deter- 
mined value. 

B. Charge distribution in pyrrole anion 
Table 4 lists the total sigma, pi, electron and charge (6) distribution in pyrrole 

anion. 

TABLE 4. TOTAL SIGMA, PI, ELECTRON AND CHARGE (8) DISTRIBUTION IN PYRROLF: ANION 

Atom Electron population 6 (charge) 

I-I ,U-L) 
HAH.4 
C,(C,) fJ 

n 

C,(C,l 0 
rt 

N u 

x 

This work 
I a4905 
1 Q3704 
2.8484 
I .08626 
2.98733 
I.19260 
4.1566 
I 4423 

Ref. 15 This work Ref. I5 
- -004905 - 

- 003704 
2.7900 +@I516 +02100 
I a800 - 0.08626 - O-0800 
3.0300 + 0.01267 - 0.0300 
1~1300 -0.19260 -0.1300 

- - I.1566 
- +0.5577 

The removal of the proton from pyrrole to form pyrrole anion has some interesting 
effects on the electron distribution. As expected most of the negative charge remains 
localized on nitrogen, the sigma charge distribution on the C atoms not being very 
different from that in pyrrole itself. The H atoms acquire a small amount of negative 
charge. The calculated sigma and pi charges on the C atoms is very similar for both 
calculations. However, comparison with the calculated pi electron distributions for 
pyrrote (Table 3) columns 5 and 7 reveals the deficiency of Extended Hiickel theory.15 
Since the sigma and pi systems are orthogonal, the pi electron distribution according 
to the Hiickel calculation is unaffected by the polarity of the sigma core. This is 
obviously unrealistic. For example, an electron in a 2p, orbital on nitrogen in pyrrole 
will be moving in a lower potential than in pyrrole anion where the nitrogen carries 
a negative charge, and therefore the pi electron density on nitrogen should be larger 
in the former case. The extended Hiickel calculation predicts that they should be the 
same. In the Pople-Segal calculation on the other hand, although the sigma and pi 
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systems are orthogonal, the elements of the F matrix Eq. (I) depend on the total 
charge on each atom, and hence allowance is made for the polarity of the sigma 
system. 

C. Energy levels artd total energies 
Fig. 2 shows the sigma orbital energies for the ground state of pyrrole and for 

comparison those of Ref. 14. 

0 
EV 

REF 14 THIS WK 

-1QO 

-20.0 

-340 

- 4QO 

*-. 
‘. 

-. 
l \ . . 

-. . 
-xi0 -. 

-1 
-4 

FIG. 2 Sigma orbital energies for the ground state of pyrrole. (For comparison those of 

Ref. 14 are also included). 

The ordering of the energy levels is essentially the same for the two calculations. 
The energy levels calculated using the Pople-Segal method fall naturahy into 4 
groups. These are : 

(i) The A ,(cr) orbital at - 51.687 eV 
(ii) The A 1(cr) and B,(u) orbitals centred around - 35 eV 

(iii) The A I(a), B,(a) and A,(O) orbitals centred around - 23 eV 
(iv) The A r(o), B,(a), B,(a) and A,(o) orbitals centred around - 13 eV. 

This behaviour is also mirrored in the refqrence calculation,‘4 and whilst the 
overall agreement between the energy levels is not particularly good for groups (i) 
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and (ii), they are very reasonable for groups (iii) and (iv). Even more striking are the 
energy level differences within each group according to the two calculations. This is 
illustrated in Table 5. This reaffirms Pople’s conclusions concerning the self con- 
sistent field MO calculation, I2 that the method is quite good for calculating energy 
level differences. 

The ground state pi orbitals for pyrrole are given in Table 6. 

TABLE 5. COMPARISON OF MOLECULAR ORBITAL ENERGY INTERVALS FOR 

THESIGMAORRITALSOFPYRR~~E 

,Group Interval A (ev) A WI 
This work Ref. 

(ii) 3B,W2A,(d + l-631 + 1660 

(iii) 6A,(WA,(N + 1,178 +I.284 

6A,kWB,(d i"O.144 +0521 

(iv) lOA,(7A ,(a) + 1.599 1.932 
IOA,(u)-8.B,(u) 1,713 1 .ws 
lOA,(9B,(u) 0906 0697 
9B,tc+8B,(u) @SO6 0601 

TABLE 6. GROCNDSTATEPIOKHITALENERGIESOFPYRROLEAND 
FOR COMPARISON THOSEOF REF. 14 

Orbital energy 
Orbital Symmetry - 

This work Ref. 

B,x - 19.380 - 17.178 

B,n _ 114x3 -11.572 

A,n - 9.959 - 10,556 

The agreement is satisfactory. Applying Koopman’s theorem the calculated 
ionization potentials is 9,959 eV. This compares favourably with the experimental 
value of 8.97 eVS31 

The total energy calculated for pyrrole is -461QO eV and that for pyrrole anion 
plus a proton -454-04 eV. The calculated energy for the process 

pyrrole (g) --, pyrrole anion (g) + H’(g) 

is 6.96 eV. 
This is almost certainly smaller than the experimental value a crude estimate of 

which can be made as collows. The energy of the process is given by Eq. (4) 

AE = D(N-H) + I, - A,. (4) 

where D(N-H) is the bond dissociation energy of the N-H bond. I, is the ioniza- 
tion potential of the H atom and A, is the electron affinity of the orbital bn nitrogen. 

A reasonable estimate for D(N-H) is 3.87 eV32 and IH may be taken as 1360 eV. 



A self consistent field molecular orbital treatment 4697 

Applying Koopman’s theorem the electron affinity of the orbital on nitrogen may 
be equated to the negative of the ionization potential of the sigma lone pair in 
pyrrole anion. This is calculated to be 6.21 eV and hence 

AE = lln26eV. 

CONCLUSIONS 

The electronic structure of pyrrole and its anion have been studied by the Pople- 
Segal CNDO II SCF MO method. The method gives a reasonable account of the 
charge distribution and energy levels of the two molecules. The calculated charge 
distribution for pyrrole differs considerably from that obtained by Clementi mainly 
because of large charge migrations from hydrogen predicted by the latter. Com- 
parison of charge contributions to the total dipole moment and with the results of 
full LCAO SCF calculations on HF would suggest that the charge distribution 
given by the Pople-Segal calculation is the more reasonable. A comparison of 
calculated charge distributions in the two molecules obtained in this work and 
those published using extended Hiickel theory shows the deficiency of the latter in 
treating charged species. 
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of the manuscript 

REFERENCES 

’ A. Streitweiser Molecular Orbital Theory for Organic Chemists Wiley, N.Y. (1961). 

’ A. J. Owen. Tetrahedron 14,237 (1961). 
3 P Caries, C.R. Acod. Sci.. Paris 254, 677 (1962). 
4 R. D. Brown, B. A. W. Caller and M. L. Heffernan, Tetrahedron 18,343-R (1962). 

’ R. D. Brown and M. L. Heffeman, Ausrral. J. Gem. 12, 319 (1959). 
6 R. L. Miller, P. G. Lykes and H. N. Schmeising, J. Am. Chem. Sot. 84,4623 (1962). 

‘I J. P. Dahl and A. E. Hansen, Theoretica Chemica. Acta, 1, 199 (1963). 

a N. Solony, F. W. Birss and J. B. Greenshields, Canud. J. Chem. 43, 1569 (1965). 

9 P. J. Black, R. D. Brown and M. L. Hefleman, Ausrral. J. Gem. 20, 1325 (1967). 
lo See for example R. L. Flurry, Jr. and J. J. Bell, J. Am. Chem. Sot. 89, 525 (1967). 

’ * J. A. Pople, D. P. Santry and G. A. Segal. J. Chem. Phys. 43.5129 (1965). 
‘I J A Pople and G. A. Segal, Ibid. 43. 5136 (1965). 

’ 3 J. A. Pople and G. A. Segal, Ibid. 44.3289 (1966). 
” E. Clementi. H. Clementi and D. R. Davis, Ibid. 46.4725 (1%7). 
I5 W. Adam, A. Grimson and G. Rodrigues, Tetrahedron 23,2513 (1967). 
l6 R. Pariser and R. G. Parr, J. Chem. Phys. 21,466 (1953). 

‘1 J. A. Pople, Trans. Faraday Sot. 49, 1375 (1953). 

” J. M. Sichel and M. A. Whitehead, Theoret Chemica. Actq 7, 32 (1967). 

‘9 R. Pariser, J. Chem. Phys. 21,568 (1953). 
2o N. Mataga and K. Nishimoto, 2. Phys. Chem. Frankfurt 13, 140 (1957). 

” J. C. Slater. PhyS. Reo. 36, 51 (1930). 
” G. Burns, J. Chem. Phys. 41, 1521 (1964). 
23 M. Wolfsberg and L. Helmholtz, Ibid. 20,837 (1952). 

24 P. A. Clark and J. L. Ragle, Ibid. 46,4235 (1%7). 

” R. Hoffman, Ibid. 39, 1397 (1%3). 
26 R. E. Davis and A. Ohno, Tetrahedron 23, 1015 (1967). 
2’ L E Sutton, Tables of Interatomic Distances The Chemical Society, London (1958). 

an B: J.‘Ransil, Rev. Mod. Phys. 32. 245 (1960). 



4698 D. T. CLARK 

a9 G. A. Doggett, Abstract. The Chemical Society Autumn Meeting (1967). 
3o A. L. McClellan Tables oj Experimentaf Dipole Moments. W. H. Freeman, San Francisco (1963). 
3’ I. Omura, H. Baba and K. Hip.4 J. Phys. Sot. Japan 10,317 (1955). 
32 M. J. S. Dewar and G. J. Gleicher, 1. Chem. Phys. 44, 759 (1966). 


